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Abstract: An asymmetric thick domain wall solution with de Sitter {dS) expansion in 
five dimensions can be constructed from a symmetric one by using a same scalar (kink) 
with different potentials. In this paper, by presenting the mass-independent potentials 
of Kaluza-Klein (KK) modes in the corresponding Schrodinger equations, we investigate 
the localization and mass spectra of various bulk matter fields on the symmetric and 
asymmetric dS thick branes. For spin scalars and spin 1 vectors, the potentials of KK 
modes in the corresponding Schrodinger equations are the modified Poschl- Teller potentials, 
and there exist a mass gap and a series of continuous spectrum. It is shown that the 
spectrum of scalar KK modes on the symmetric dS brane contains only one bound mode 
(the massless mode). However, for the asymmetric dS brane with a large asymmetric 
factor, there are two bound scalar KK modes: a zero mode and a massive mode. For spin 
1 vectors, the spectra of KK modes on both dS branes consist of a bound massless mode 
and a set of continuous ones, i.e., the asymmetric factor does not change the number of 
the bound vector KK modes. For spin 1/2 fermions, two types of kink-fermion couplings 
are investigated in detail. For the usual Yukawa coupling r/^</>^', there exists no mass 
gap but a continuous gapless spectrum of KK states. For the scalar-fermion coupling 
r]^ sin(^) cos~''(^)^' with a positive coupling constant r/, there exist some discrete bound 
KK modes and a series of continuous ones. The total number of bound states increases 
with the coupling constant r/. For the case of the symmetric dS brane and positive r], there 
are Ni^{Nl > 1) left chiral fermion bound states (including zero mode and massive KK 
modes) and Nl — 1 right chiral fermion bound states (including only massive KK modes). 
For the asymmetric dS brane scenario, the asymmetric factor a reduces the number of the 
bound fermion KK modes. For large enough a, there would not be any right chiral fermion 
bound mode, but at least one left chiral fermion zero mode. 
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1. Introduction 

The idea of embedding our universe in a higher dimensional space has received a great of 
renewed attention. The suggestion that extra dimensions may not be compact [||, ||, ^, |5| 
or large ||6|, 0] can provide new insights for solving gauge hierarchy problem i.e., the large 
difference in magnitude between the Planck and electroweak scales, and the long-standing 
cosmological constant problem ||l|, ^, |8|. According to the brane scenarios, gravity is free 
to propagate in all dimensions, while all the matter fields (electromagnetic, Yang-Mills 
etc.) are confined to a 3-brane in a high-dimensional space. In Ref. |^], an alternative 
scenario of the compactification had been proposed. In this scenario, the internal manifold 
does not need to be compactified to the Planck scale any more, it can be large, or even 
infinite non-compact, which is one of reasons why this new compactification scenario has 
attracted so much attention. Among all of the brane world models, there is an interesting 
and important model in which extra dimensions comprise a compact hyperbolic manifold 
Q . The model is known to be free of usual problems that plague the original ADD models 
and share many common features with Randall-Sundrum (RS) models. 

Recently, an increasing interest has been focused on the study of thick brane scenario 
in higher dimensional space-time |jl^, |l2|, 14, 15, 16], since in more realistic models 



the thickness of the brane should be taken into account. A virtue of these models is that the 
branes can be obtained naturally rather than introduced by hand. In this scenario the scalar 
field configuration is usually a kink, which provides a thick brane realization of the brane 
world as a domain wall in the bulk. However, the inclusion of the gravitational evolution 
into a dynamic thick wall is a highly non-trivial problem because of the non-linearity of the 
Einstein equations. For this reason, there are not so many analytic solutions of a dynamic 
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thick domain wall. The symmetric de Sitter {dS) branes have been studied in five and 
higher dimensional spacetimes, for examples in [p!4| , p!7| , p!8[| . Ref. presented a method 
to construct asymmetric thick dS brane solutions from known ones, where the spacetimes 
associated to them are physically different. With the method, asymmetric brane worlds 
with dS expansion were obtained. These branes interpolate between two spacetimes with 
different cosmological constants, and the vacua correspond to dS and AdS geometry. It 
was shown that gravity is localized on such branes. 

In brane world scenarios, an important and complex question is localization of various 
bulk fields on a brane by a natural mechanism. It is well known that massless scalar fields 



|2C] and graviton 0] can be localized on branes of different types. However, spin 1 Abelian 



vector fields can not be localized on the RS brane in five dimensions, but can be localized on 



the RS brane in some higher-dimensional cases |21| or on the thick dS brane and Weyl thick 



brane |22]. The localization problem of spin 1/2 fermions on thick branes is interesting 
and important. Fermions do not have normalizable zero modes in five and six dimensions 
without the scalar-fermion coupling |l|, |2|, |2|, H, |2|, |2|, |2|, |2|, ||, ||, ||]. In 



Ref. |3C], the authors obtained trapped discrete massive fermion states on the brane, which 
in fact are quasi-bound and have a finite probability of escaping into the bulk. In fact, 
fermions can escape into the bulk by tunnelling, and the rate depends on the parameters of 
the scalar potential In five dimensions, with the scalar-fermion coupling, there may 
exist a single bound state and a continuous gapless spectrum of massive fermion Kaluza- 
Klein (KK) states While in some other brane models, there exist finite discrete 

KK states (mass gap) and a continuous gapless spectrum starting at a positive [34, |35|. 



Since a physically different asymmetric thick dS brane solution can be constructed from 
a known symmetric one by including an asymmetric factor, we will address the localization 
and mass spectrum problems of various bulk matters on the symmetric and asymmetric dS 
branes, and investigate the influence of the asymmetric factor on the mass spectra of bulk 
matters in this paper. We will show that all bulk matters (scalars, vectors and fermions) 
can be localized on these branes and the corresponding mass spectra have a mass gap (for 
spin 1/2 fermions the scalar-fermion coupling should not be the usual Yukawa coupling 
r]^(f)^ in order to trap the zero mode). The large asymmetric factor increases the number 
of the scalar bound states but reduces that of the fermion ones, and does not change the 
number of the vector bound states. 

The organization of the paper is as follows: In section ^, we first review the symmetric 
and asymmetric dS thick branes in 5-dimensional space-time. Then, in section |3|, we study 
the localization and mass spectra of various bulk fields on the symmetric and asymmetric 
thick branes by presenting the shapes of the potentials of the corresponding Schrodinger 
problem. For spin 1/2 fermions, we consider two different types of scalar-fermion interac- 
tions. Finally, the conclusion and summary are given. 

2. Review of the symmetric and asymmetric thick branes 

Let us consider thick branes arising from a real scalar field (j) with a scalar potential V{(j)). 
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The action for such a system is given by 
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R 



g^'"" dM(t>dN(t> - ^(0) 



(2.1) 



where R is the scalar curvature and k| 



SvrGs with G5 the 5-dimensional Newton constant. 
Here we set ^5 = 1. The hne-element for a 5-dimensional spacetime with planar-paralell 
symmetry is assumed as 



= ^m-)(_dt' + ^^'dx'dx'+dz^) 



(2.2) 



where e^'^^^-* is the warp factor and z stands for the extra coordinate. For the positive 
constant /? > 0, we will have dynamic solutions. The scalar field is considered to be a 
function of z only, i.e., (p = (piz). In the model, the potential could provide a realization 
of a thick brane, and the soliton configuration of the scalar field dynamically generate the 
domain wall configuration with warped geometry. The field equations generated from the 
action ( |2.1| ) with the ansatz (2.2) reduce to the following coupled nonlinear differential 
equations 



a'2 



y{4>) 

dv{4>) 



3(^'2 
3 



-2 A 



{3A 



(2.3) 
(2.4) 

(2.5) 



where the prime denotes derivative with respect to z. For positive and vanishing /3 we will 
obtain dynamic and static solutions, respectively. 

A symmetric thick domain wall with dS expansion in five dimensions for the potential 



was found in Refs. |36 



- COsh-2^ 



2(1-5) 



(2.6) 

(2.7) 
(2.8) 



where (po = \/36{l — 5), < 6 < 1 and f3 > 0. In this system. The scalar field takes 
values ib(/)o7r/2 at z — > ±00, corresponding to two consecutive minima of the potential with 
cosmological constant A = 0. The scalar configuration in fact is a kink, which provides a 
thick brane realization of the brane world as a domain wall in the bulk. S plays the role 
of the wall's thickness. The thick brane has a well-defined distributional thin wall limit 
when — > ||3^ and can localize gravity on the wall [14|. Note that for the cases where 
1/2 < 5 < 1, the hypersurfaces \z\ 



00 represent non-scalar spacetime singularities [14]. 
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An asymmetric thick domain wall solution with dS expansion in five dimensions for 
the same kink configuration (j) in (| 



cosh 



+ 



was found in Ref. |19|: 

ia6 



sinh 



/3z 

T 



(3-2(36 
1 



■ cosh 



-5 



T 



coth 



2F1 



1 3 

2' 2 



6, cosh 



(3z 

T 

(3z 

T 



where 2^1 is the hypergeometric function. Here we will consider the case 5 
convenience: 

(3^sech2(3z 
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(2.12) 



where |a| < 4(3/11 in order to prevent singularities in the metric tensor. The parameter a 
decides the asymmetry of the solution. For a = 0, we recover the symmetric domain wall 
solution. For positive (negative) a, the spacetime for z — > +00 is asymptotically AdS (dS) 
with cosmological constant — 3a(4/3 + an) and for z — > —00 is asymptotically dS (AdS) 
with cosmological constant 3a(4/3 — an). The scalar curvature R and the energy density p 
for the dS brane are calculated as follows: 

R = 4sech2/3z [7/?^ - 5a^ + I4a(3 arctan(tanh (3z) 

+7o^ arctan^ (tanh (3z) — 10a{(3 + a arctan(tanh Pz)) sinh 2/32:] , (2.13) 
p = sech2/32; [3/3^ — 2a^ + 6a/3 arctan(tanh/32;) 

+3a^ arctan^(tanh Pz) — 4a(/5 + a arctan(tanh Pz)) sinh 2Pz] . (2-14) 

The shapes for the metric factor e^^, the potential V {(()), the scalar curvature R, and the 
density energy p are shown in Fig. ||. 



3. Localization and mass gaps of various matters on the thick branes 

In this section let us investigate whether various bulk mater fields such as spin scalars, 
spin 1 vectors and spin 1/2 fermions can be localized on the thick branes by means of 
only the gravitational interaction. Of course, we have implicitly assumed that various bulk 
fields considered below make little contribution to the bulk energy so that the solutions 
given in previous section remain valid even in the presence of bulk fields. We will analyze 
the spectra of various mater fields for the thick brane by presenting the potential of the 
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Figure 1: The shapes of the metric factor e , scalar potential V{4>), the scalar curvature R, and 
the energy density p for the dS branes with /3 = 3. The parameter a is set to a = for dashed 
lines, a — 2 for thin lines, and a — 3 for thick lines. 



corresponding Schrodinger equation. It can be seen from the following calculations that the 
mass-independent potential can be obtained conveniently with the conformally flat metric 
(|23 



3.1 Spin scalar fields 

We first study localization of a real scalar field on the branes obtained in previous section. 
Let us start by considering the action of a massless real scalar coupled to gravity 

So = -l [ d'x^ g^'^'dM'^dN'^. (3.1) 



By considering the conformally flat metric (|2.2| ) the equation of motion derived from ( |3.l| ) 
is read 

-^d^iy^r'^d,^) + e-3^a, (e^^a.l)) = 0. (3.2) 

Then, by decomposing ^{x,z) = ^n^nix)Xniz)e^'^^'^ and demanding 4>n{x) satisfies 
the 4-dimensional massive Klein-Gordon equation (^--^^|^^{^J —gg^^^ dy) — /^^^ (f'nix) = 0, 
we obtain the equation for Xn{z): 

[-dl + Vq{z)\ Xn{z) = fJ-lxniz), (3.3) 
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which is a Schrodinger equation with the effective potential given by 

3 ,// 9 12 



Vo{z) = -A!' + -A'\ (3.4) 



where /i„ is the mass of the KK excitations. It is clear that Vq{z) defined in ( p.4[ ) is a 
mass-independent potential. 

The full 5-dimensional action (3.1) reduces to the standard 4-dimensional action for 
the massive scalars 



(3.5) 



when integrated over the extra dimension, in which it is required that Eq. ( p.3| ) is satisfied 
and the following orthonormality condition is obeyed: 



dz Xm{z)Xn{z) = 6mn- (3.6) 

D 

For the symmetric and asymmetric dS brane world solutions ( |2.7] ) and ( p. 10 ), the 
potentials corresponding to (3^) are 

Vi{z) = Ji- (3<^ - (2 + 3<^)sech2(/3z/<5)) (3.7) 

and 

V'^{z) - + 15a/3^sech2/3ztanh2/3z 
^ 4 2(/3 + aarctantanh/3z) 

3/3^ (7/3^ - + 7a arctan tanh ^z(2/3 + a arctan tanh I3z)) 1 ^ 

4(/9 + aarctantanh/^z)^ cosh^(2/32:) ' 2 

respectively. For the case a = 0, the potential (l3.8|) is reduced to (|3.7|) with 5 = 1/2: 

yo^(z) = (3 - 7sech2(2/3z)) • (5 = ^) (3-9) 



We first investigate the potential (|3.7D for the symmetric brane. It has a minimum 
(negative value) — at 2 = and a maximum (positive value) at z = ±00. Let 
p = (3/5 and (7 = 1 + 35/2, Eq. ( |3.3D with the potential ( |3.7| ) turns into the well-known 
Schrodinger equation with = /x^ — |(5^p^: 

- q{q - l)/sech2(pz)] Xn = Xn- (3.10) 

For this equation with a modified Poschl- Teller potential, the energy spectrum of bound 
states is found to be 

En = -p'{q-l-nf (3.11) 

or 

32 
52 



M^ = n(35-n)^, (3.12) 
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Figure 2: The shapes of the potential V^{z) for the symmetric dS brane. The parameters are set 
to (3 = 3, 6 — 1/2 for dashed hne, S = 2/3 for thin hne, and 5 — > 1 for thick line. 



where n is an integer and satisfies < n < |(5. It is clear that the energy for n = or 
/xq = always belongs to the spectrum of the potential ( ^?7| ) for 6 > 0. For < (5<|, there 
is only one bound state, i.e., the ground state 



with /io = 0, which is just the normalized zero- mass mode and also shows that there is no 
tachyonic scalar mode. The continuous spectrum starts with /i^ = and asymptotically 
turn into plane waves, which represent delocalized KK massive scalars. For i < 6 < 1, 



Xo(^) = \l^^^^^^sech''/\Pz/5) (3.13) 



there are two bound states, one is the ground state (3.13), another is the first exited state 

Xi{z) oc sech^^^^{(3z/6) sinh z (3.14) 



with mass fif = {36 — 1)P /6 . The continuous spectrum also start with /i = |/5 . From 
above analysis, we come to the conclusion: for < S<^, there is only one bound state (is 
massless mode) for the symmetric potential ( |3.7| ). 



Next we turn to the potential (3.8) for asymmetric dS brane. It has a negative value 



at some zq (zq < for a > and zq > for a < 0) and the asymptotic behavior: 

^0 



Vq^{z = ibcx)) = 1/3^, which implies that there is also a mass gap. For the massless mode 



Xoiz) with /i^ = 0, the Schrodinger equation ( |3.3D with the potential ( ^ ) can be solved 
analytically, and the normalizable eigenfunction is found to be 

Xo(^) oc ( /3'^^ch2/3z \ 

\[P + a arctan(tanh f3z)]'^ J 

This zero mode is the ground state since it has no node. For the limit a ^ 0, the massless 
mode ( 3.15 ) is reduced to ( 3.13| ) but with 5 = 1/2. Now, we ask an interesting question: 
are there other bound states except the zero mode for the asymmetric potential (p.8|)? 
This is very important for producing 4-dimensional massive scalars. If the answer is yes, 
we will get massive scalars on the asymmetric dS brane. We have known that there 
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Figure 4: The shapes of the potential Vj5^(z) for the asymmetric dS brane. The parameters are 
set to /3 = 3, (5 1/2, a = for dashed Hne, and a — 2, 3, 3.78, 3.818 for solid lines with thickness 
increases with a. 



is no any massive bound state for the symmetric potential (3.9), the limit case of the 
current asymmetric one. Hence we can extrapolate that the answer should be no for small 
asymmetric factor a. However, what will happen for large a? We note that the asymmetric 



potential ( |3.S| ) has the same asymptotic behavior as the symmetric case: Vg (±oo) = , 
but a different minimum V^^^j^, which is larger than that of the symmetric potential. The 
absolute value of the minimum of the asymmetric potential decreases with the increase of 
the asymmetry (see Fig. Q). This leads to the increase of the relative depth of the potential 
well VQ'^(±cxD)/|FQ"^^j^|, which indicates that the potential well may trap more bound stats. 
By numerical method, we do get a massive bound state with fif = 18.11 at a = 3.818 (see 
Fig. I). 
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Figure 5: The shapes of the potential V(f'{z) (thick; lines), KK modes Xn (dashed lines and thin 
lines) and the mass spectrum /i^ (thick gray lines) for dS brane with P — 3, 6 — 1/2, and a = 2, 
3.818. 

3.2 Spin 1 vector fields 

Next we turn to spin 1 vector fields. We begin with the 5D action of a vector field 

Si = --I' d'xV^g''''g''''FMRFMs, (3.16) 



4 „ 

where Fmn = QmAn — On Am as usual. From this action and the background geometry 
( |2.2| ), the equations of motion -^^dM{\^—gg^^^ 9^^ Fns) = are reduced to 

-^d,{^ g^'t^F^x) + 5''^e-^a, {e^F,^) = 0, (3.17) 

d^iV^ g'^'F,^) = 0. (3.18) 

We assume that A4 is Z2-odd with respect to the extra dimension z, which results in 
that A4 has no zero mode in the effective 4D theory. Furthermore, in order to consistent 
with the gauge invariant equation <f dzA^ = 0, we use gauge freedom to choose ^4 = 0. 
Under the assumption, the action ( ^.16|) is reduced to 

Si = -\j d^'x^gi^g^'^g'^'F^.F^p + 2e-^g>''' d^A^^d^A.^ (3.19) 

Then, with the decomposition of the vector field A^{x,z) = Yln^^iJ^\^)Pn{z)^^^'^ ^ ^^'^ 
importing the orthonormality condition 



dz Pni{z)pn{z) = 6mn, (3.20) 

J —00 

the action ( |3.19| ) is read 

Si = Y.j d'x^a ( - {g'-g''' fS - ^a^^^^^^^ , (3.21) 
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where /^l"^ 



dyo!'^^ is the 4-dimensional field strength tensor, and it has been 
required that the Pn{z) satisfies the fohowing Schrodinger equation 



[-dl + Vliz)] pn{z) = f4,Pn{z), 

where the mass-independent potential is given by 

f3' 



and 



Vi^iz) 



/32 3a/32sech2^ztanh2/3z 
4 2(/3 + aarctantanh/Jz) 



(3.22) 



(3.23) 



(5/3^ — 3a^ + 5a(2/3 + a arctan tanh f3z) arctan tanh 
4(/3 + a arctan tanh /Jz) 2 cosh^(2/32:) 



{6 = -) (3.24) 



for the symmetric and asymmetric dS brane world solutions given in previous section, re- 
spectively. The asymmetric potential at the limit a — > ( 3.24| ) is reduced to the symmetric 
one ( gl23|) with 5=1/2: 



Vf{z) = ^ (1 - 5sech2(2/5z)) . 



(3.25) 



The symmetric potential ( 3.23| ) for arbitrary < 6 < 1 has a minimum — ^ at z = 
and a maximum /32/4 at z = ±cx). Eq. ( |3^ ) with this potential can be turned into the 
following Schrodinger equation with a modified Poschl- Teller potential: 



-d^ — q{q — l)p'^sech.^{pz) 



Xn — En Xn, 



(3.26) 



where p = (5/5, q = 1 + 5/2 and En = Pn ~ j^'^P^ ■ The energy spectrum of bound states 
is found to be En = —p^iq — 1 — n) or 



/32 1 
-rrr, n G Z, < n < -5. 
0^ 2 



For < 5 < 1, we get only one bound state, i.e., the normalized zero mode 



^^^^^Ked,'/\0z/5) 



(3.27) 



(3.28) 



with /xq = 0. There is a mass gap between the zero mode and the first excited mode. The 
continuous spectrum starts with = ^(3"^ and asymptotically turn into plane waves, which 
represent delocalized KK massive vectors. 



For the asymmetric dS brane, the asymmetric potential ( 3.24 ) has a negative minimum 
value at some zq and the asymptotic behavior: V^{z = ±00) = which implies that 
there is also a mass gap. The normalizable massless mode po{z) with /i^ = is found to be 

32_„un«^ \ 1/4 



po{z) OC 



/?^sech2/3z 



[P + a arctan(tanh Pz)f 



(3.29) 
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Figure 6: The shapes of the potential V^{z) for the asymmetric dS brane. The parameters are 
set to /3 = 3, (5 = 1/2, a = for dashed line, and a = 2, 3, 3.78, 3.818 for solid lines with thickness 
increases with a. 



This zero mode is the ground state since it has no node. For the limit a ^ 0, the massless 

1/2. Now, we also ask the question: are there 



mode ( |3.2g| ) is reduced to (3.28) but with 6 
other bound states except the zero mode? Since there is no massive bound state for the 
symmetric potential ( 3.25| ), we can conclude that the answer is also no for small asymmetric 
factor a. Just as the case of scalar, the absolute value of the minimum asymmetric potential 
decreases with the increase of the asymmetry (see Fig. |6|). However, we do not find massive 
bound states by numerical method even for large a. 
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Figure 7: The shapes of the potential V-^{z) (thick line), zero mode (dashed line) and the mass 
spectrum (thick gray line) for dS brane with f3 = 3, S = 1/2 and a — 3.818. 

It was shown in the RS model in AdS^ space that a spin 1 vector field is not localized 
neither on a brane with positive tension nor on a brane with negative tension so the Dvali- 



Shifman mechanism must be considered for the vector field localization |2C]. Here, it is 
turned out that a vector field can be localized on the dS thick branes and we do not need 
to introduce additional mechanism for the vector field localization in the case at hand. For 
< (5 < 1, we get only one bound state which is the massless mode. Furthermore, there 
exists a mass gap between the bound ground state and the first exited state. 
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3.3 Spin 1/2 fermion fields 

In five dimensions, fermions are four component spinors and their Dirac structure is de- 
scribed by r*-^ = e^r^^ with being the vielbein and {r*^,r^} = 2c/*^^. In this 
paper, M, N, - ■ ■ = 0, 1, 2, 3, 5 and /2, i^, • • • = 0, 1, 2, 3 denote the 5D and 4D local Lorentz 
indices respectively, and are the flat gamma matrices in five dimensions. In our set-up, 
the vielbein is given by 

/ P n \ 

(3.30) 

r*^ = e~'^{e%'j'^ , 7^) = e~'^{^^, 7^), where 7^ = e%j'^, 7"^ and 7^ are the usual flat gamma 
matrices in the 4D Dirac representation. The Dirac action of a massless spin 1/2 fermion 
coupled to the scalar is 

Si/2 = J (f'x^ {^T^{dM + wm)* - r,^F{4>)m) , (3.31) 
where the spin connection is defined as ujm = \^m^'^ N ^'^d 

- 2^ [OMeN - OnCm ) 

- V^(5Me/-5^e#) 

- le'-^'eQ^idpeQR - dQepf^ei- (3.32) 

The non-vanishing components of the spin connection ujm for the background metric ( ^.2| ) 
are 

= ^ (02^)7^75 + o)^, (3.33) 

where /i = 0,1,2,3 and uj^ = icu^^r^Fp is the spin connection derived from the metric 
Ofiuix) = ef!^ej^r]p_p. Then the equation of motion is given by 

{7'^(5^ + Co^) + 7^ {d, + 2d,A) - ri e^F(</.)} ^ = 0, (3.34) 

where ^^{d^ + ui^) is the Dirac operator on the brane. 

Now we study the above 5-dimensional Dirac equation, and write the spinor in terms 
of 4-dimensional effective fields. Because of the Dirac structure of the fifth gamma matrix 
7^, we expect that the left- and right-handed projections of the four dimensional part to 
behave differently. From the equation of motion ( 3.34| ), we will search for the solutions of 
the general chiral decomposition 



1pLn{x)aLn{z) + ^ ll^Rn{x)aRn{z) (3.35) 
\ n n / 



with 'ipLni'x) = — 7^^Ln(a^) and ipRn{x) = J^tpRnix) the left-handed and right-handed 
components of a 4D Dirac field. Here, to obtain the equations for the basis functions tpLn{x) 
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and tpRnix), we assume that iPl{x) and ipnix) satisfy the 4D massive Dirac equations 
-f'^{d^ + u}f,)'4>Lnix) = UntpR^ix) and 'y^{d^ + u;fj,)ipRn{x) = ^„VL„(a;)- Then the KK modes 
oiLn{z) and aRn{z) satisfy the following coupled equations 

[dz + r]e^F{4))\aLn{z) = finaRn{z), (3.36a) 

[dz - 7] e^F(0)] aRn{z) = -finaLn{z), (3.36b) 

i.e., 

[d, - r, e^F{4>)] [d, + T] e^F(0)] aLn{z) = -filaLn{z), (3.37a) 

[d, + rj e^F(</.)] [d, - 7] e^F{^)] aRniz) = -filaRn{z). (3.37b) 

Hence, we get the Schrodinger-like equations for the left and right chiral fermions 

( - 5f + VL{z))aLn = fJ-lo^Ln, (3.38) 

( - 9^ + VR{z))aRn = l4iaRn, (3.39) 

where the mass-independent potentials are given by 

VLiz) = e2Vi^'(0) - e^r/ 9,F(0) - id,A)e^7]F{cj)), (3.40a) 

Vr{z) = Vl(z)[„. (3.40b) 



In order to obtain the standard 4D action for the massive chiral fermions: 
5i/2 = J d^'x^g ^ (r*^(9M + ^m) - r/F(0)) ^ 

= ^ / d^Xy^l i'Rnl^id^ + OJf,)'ll^Rn - 'tp Rn fJ-ni' Ln} 
n 

= Y. I d^^V^ Ml^idf. + ^Of.) - f^nji^n, (3.41) 
we need the following orthonormality conditions for ai^^ and or^: 

airnOiLndz = 5mn, (3.42) 
aRmORndz = 6mn, (3.43) 

aLm.aRndz = 0. (3.44) 



oo 
oo 



■oo 
oo 



It can be seen that, for the left (right) chiral fermion localization, there must be some 
kind of scalar-fermion coupling. This situation can be compared with the one in the RS 
framework [20|, where additional localization method |4^ was introduced for spin 1/2 
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fields. Furthermore, F{(j){z)) must be an odd function of ipiz) when we demand that Vl{z) 
or Vr(z) is Z2-even with respect to the extra dimension z. In this paper, we will consider 
two cases F{(j)) = cp and F{(f)) = sin(^) cos~''(^) as examples. For F{4>) = cj), we get a 
continuous spectrum of KK modes with ^u^ > 0. However, it is shown that even the massless 
left and right chiral modes can not be localized on the brane. For F{(l)) = sin(^) cos~'^(^), 
there exists a mass gap, and we get some discrete bound modes and a continuous spectrum 
of KK modes. 

3.3.1 Case I 

For the first case F{(j)) = cf), the explicit forms of the potentials ( |3.40D are 



2/2 1 2{) f f^^\ 2 ■ 1 / 

\^) — V cosh I — 1 arctan smh I — 



-^cosh-i-^f^ 

\ 



Jsinh 1^5^ arctan sinhf^^ 



and 



r]0^(t)o cosh-3/2(2/3z) 



V^{z 



(yf3 + a arctan^ tanh(/3z))' 



a arctan sinh(2/5z) 



+r](j)Q\/ cosh.{2(3z) arctan^ sinh(2/?2 



Vi{z) 



+ (/? + a arctan tanh(/?z)) ( sinh(2/32:) arctan sinh(2/3z) — 2) 

A 



for the symmetric and asymmetric dS brane world solutions, respectively. 

Vl,Vr Vl,Vr 



15 
10 
5 


-5 
-10 
-15 



(3.45) 
(3.46) 



(3.47) 



(3.48) 



-1.5 -1 -0.5 0.5 



1.5 




-1.5 -1 -0.5 0.5 



1.5 



Figure 8: The shapes of the potentials Vl (thick lines), VR(thin lines) for left and right chiral 
fermions for the case F(0) = (}>. The parameters are set to 6 = ^/'i.^ri = 3,/9 = 3, a = (left) and 
a = 3 (right). 

All potentials have the asymptotic behavior: Vl,r{z — > itcx)) 0. But for a given 
coupling constant r] and the parameter the values of the potentials for the left and right 
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chiral fermions at z = are opposite. The shapes of the potentials are shown in Fig. ^ for 
given values of positive rj and (3. It can be seen that Vl{z) is indeed a modified volcano 
type potential. Hence, the potential provides no mass gap to separate the fermion zero 
mode from the excited KK modes, and there exists a continuous gapless spectrum of the 
KK modes for both the left chiral and right chiral fermions. 

For positive /3 and ry, only the potential for left chiral fermions has a negative value at 
the location of the brane, which could trap the left chiral fermion zero mode solved from 



( |3.36a|) by setting = 0: 

«„Wo.e.p(-,/.ye*'.,(.')). (3.49) 



In order to check the normalization condition (3.42) for the zero mode ( |3.49| ), we need to 
check whether the inequality 

J dzejcp(^-2i] J dz'e^^''U{z')^ < oo (3.50) 

is satisfied. For the integral f dze'^cf), we only need to consider the asymptotic characteristic 
of the function e'^cf) for z — > oo. For symmetric dS brane case, noting that arctan(sinhz) — > 
7r/2 when z oo, we have 

= 00 cosh-"^ (^^^ arctan (^sinh ^ ^,/,o2^e-^^ (3.51) 
exp (^-27] j dze'^cf^ exp (^2'^7rr/0oe"^7/3) ^ 1, (3.52) 



which indicates that the normalization condition ( p. 50 ) is not satisfied and the zero mode 



of the left chiral fermions can not be localized on the brane. For asymmetric case, we 
can also get the same conclusion. This is different from the conclusion obtained in Refs. 
pO| , |4T| , where the zero mode of the left chiral fermions can be localized on the Branes in 
the Background of Sine-Gordon Kinks. 

3.3.2 Case II 

For the case F{(j)) = sin(^) cos~'^(^), the potentials ( 3.40| ) are 



Vi{z) = v{v- ^^sed,\(3z/5) ) , (3.53) 



Viiz) = Vi{z)\r,^.^, (3.54) 



and 



yA^^^ _ ^/3^sech(2/3z)tanh(2/3z)(a + r?sinh(2/3z)) 2r]f3'^s(ic\i^{2f5z) 

{(5 + a arctan tanh(/3z))2 /? + a arctan tanh(/3z) ' 

V^{z) = F/(^)|,^-„ (3.56) 

for the symmetric and asymmetric dS brane world solutions, respectively. 
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1. Symmetric dS brane 



We first investigate the case of symmetric dS brane. The values of the corresponding 
potentials ( |3.53| ) and ( p.54 ) at y = and y = ±00 are given by 



lf(±oo) 



-Vim = 

Vi{±oc) = r,\ 



(3.57) 
(3.58) 



i.e., both potentials have same asymptotic behavior when y — > ±00, but opposite behavior 
at the origin z = 0. The shapes of the two potentials are shown in Figs. |9| and IC for 
different values of /3 and ry, respectively. 





-20 
-40 
-60 



-1.5 -1 -0.5 0.5 1 1.5 



-1.5 



1.5 



1.5 1 



1.5 



Figure 9: The shapes of the potentials (left) and (right) of left and right chiral fermions 
for the symmetric dS brane with different /3. The parameters are set to 5 = 1/2, rj — Q, and (3 — 1 
for thick lines, (3 = 3 for dashed lines and /? = 5 for thin lines. 




Figure 10: The shapes of the potentials (left) and (right) of left and right chiral fermions 
for the symmetric dS brane with different rj. The parameters are set to ^ = 1/2, /3 = 3, and 77 = 9 
for thick lines, 77 = 6 for dashed lines and t] = 3 for thin lines. 

Note that, for a positive coupling constant r], the potential for left chiral fermions has 
a negative value at the location of the brane and a positive value far away from the brane 
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along the extra dimension, which can always trap the left chiral fermion zero mode: 



cosh-''^/^(/3z/(5). (?7 > 0) (3.59) 
The zero mode represents the lowest energy eigenfunction of the Schrodinger equation 



( 3.38 ) since it has no nodes. The right chiral fermion zero mode for > is not localized 
on the brane, which can be seen from the potential in Figs. dH) and (10). 



It is clear that for > 77^, we obtain the asymptotic plane waves. The general bound 
states for the potential ( [3.53 ) for left chiral fermions are found to be 



ai„ « cosh^-^- ( ^ 1 2F1 ( an, 6n; -; - sinh^(/3z/5) ) , (3.60) 



for even n and 



ai„ oc cosh'^ j sinh j^^J ^Fx [a^ + -,&„ + -; -; - sinh^(/?z/5)J , (3.61) 
for odd n, where 2-^1 is the hypergeometric function, the parameters a„ and 6„ are given 

by 

a„ = ^ (n + 1) , 6„ = ^ - i (n - 1) . (3.62) 

The corresponding mass spectrum of the bound states is 

^Ln = p > (??> 0, n = 0,1,2, ...< —). (3.63) 

It shows that the ground state always belongs to the spectrum of Vf{z) for positive rj, 
which is just the zero mode ( ^.59|) with = 0. Since the ground state has the lowest 
mass square /u|^g = 0, there is no tachyonic left chiral fermion modes. Here, we suppose 
the number of bound states for left chiral fermions is A'^^^. If < < f3/S, there is only 
one bound state {Nl = 1), i.e., the zero mode ( |3.59| ). In order to get bound exited states 
{Nl > 2), we need the condition rj > 13/6. 

In the case t] > 0, the potential V^{z) = rj{r] + ^'^"^ sech^ {(5z /^)) for right chiral 
fermions is always positive near the location of the brane, which shows that it can not trap 
the right chiral zero mode. For the case < r/ < 13/5, we have V|(0) > V|(±oo) > 0, 
which shows that there is no any bound state for the potential of right chiral fermions. For 
the special value -q = (3/5, the potential is a positive constant: V^{z) = r/^ = 
and there is still no any bound state. However, provided r] > (3/5, we will get a potential 
well since V^(0) < V^(±oo) (see Figs. ^ and |lO|), which indicates that there may be some 
bound states, but none of them is zero mode. The general bound states for the potential 

are 

g ^ ^ ( (3z\ ^ f 1 + n 5ri 1 + nl 



oc cosh- { '—J 2F1 [-^, - -; -sinh^(/3z/<5) ) (3.64) 
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for even n and 



a 



Rn 



oc cosh P I —— 1 sinh 



2-^1 1 + -7 ; -; -sinh2(/3zM) 

d J \ 2' 13 2'2' ^'^'^ 



for odd n. The corresponding mass spectrum is 



{n + l)p{25r]-{n + l)p) 
5^ 



n 



0,1,2, 



<|-i) 



(3.65) 



(3.66) 



By comparing with the mass spectrum of left chiral fermions ( 3.66| ), we come to the con- 
clusion that the number of bound states of right chiral fermions Nn is one less than that 
of left ones, i.e., N^i = Nl — 1. IfO<r7</3/5, there is only one left chiral fermion bound 
state (the zero mode). If ?? > [3/6, there are Nl{Nl > 2) left chiral fermion bound states 
and Nl — 1 right chiral fermion bound states. The ground state for right chiral fermions is 



a 



RO 



/?r(S. 



50Fr(| 



cosh f> —— 



I3z 
'5 



(3.67) 



which is not zero mode any more because the mass is determined by = (3{25ri — (3) / 5"^ > 



> 0. In Figs. 13(a) and 13(b) we plot the potentials, the mass spectra and some 
bound states of left and right chiral fermions. For the case 5 = 1/2, /3 = l,r] = 11, there 
are 6 and 5 bound states for the left and the right chiral fermions respectively and the 
mass spectra are 



2 



{0, 40, 72, 96, 112, 120} U [121, 00), 
fi'ji^ = { 40,72,96, 112,120} U [121, cx)). 



(3.68) 
(3.69) 



2. Asymmetric dS brane 

Now we turn to the case of asymmetric dS brane, for which the corresponding potentials 
( 3.55 ) and ( |3.56| ) are obviously asymmetric and the solution of the bound states and mass 
spectrum is very complex. The values of the potentials at ^ = 0, ±00 are given by 



-V^{0) = -2f3v, 



i//(+oo) = y#(+oo) 



16/32,72 



^^^(-oo) = V, 



R 



-00 



(aiT + 4/3)2 
{aiT - 4/3)2 



(3.70) 



Both potentials have also same asymptotic behavior when z ±00. However, compared 
with the symmetric potentials ( p. 53 ) and ( 3.54 ), y^^(— 00) increase and ^i^/j(+oo) de- 
crease for positive asymmetric factor o, which may reduce the number of the bound states. 
The shapes of the two potentials are shown in Figs. ^ and |l2| for different values of /3 
and rj, respectively. Different from the symmetric potentials j^{z), the asymmetric ones 
V^^(z) at z = ±00 dependent on the parameter /3 unless the asymmetric factor a = 0. 
Hence, even at same r] and a, the limits of V^^(z) at z — > -|-oo and z —>■ —00 are different 
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for different (3 (see Fig. |Tl|). For positive rj, the right chiral fermion zero mode does not 
exist, but the left one is always exist and can be solved as 




-1.5 -1 ^0.5 0.5 1 1.5 -1.5 -1 -0.5 0.5 1 1.5 



Figure 11: The shapes of the potentials (left) and Vj^ (right) of left and right chiral fermions 
for the asymmetric dS brane with dilferent (3. The parameters are set to S — 1/2, — 6, a — 0.5, 
and /? = 1 for thick lines, /3 = 3 for dashed lines and /? = 5 for thin lines. 




Figure 12: The shapes of the potentials (left) and (right) of left and right chiral fermions 
for the asymmetric dS brane with different rj. The parameters are set to S = 1/2, (3 — 3, a = 0.5, 
and r] = 9 for thick lines, rj — 6 for dashed lines and 77 = 3 for thin lines. 

For > 16/3^r/^/(a7r + 4/3)^, we obtain the continuum of asymptotic plane waves. 
In order to obtain acceptable normalizable modes, /i^ should be limited in the interval 
[0, 16/3^r/^/(a7r + 4/3)^). Although the analytic massive modes can not be solved because of 
the complexity of the potentials, we can get the numerical solutions. The mass spectra are 
listed in Tab. |^ for left chiral fermions and Tab. § for right ones for some given parameters. 



We also plot the potentials, mass spectra and part of the eigenfunctions in Fig. 13. From 



these tables and Eq. ( 3.70D , we can draw a conclusion: the number of the bound states 



increases with the coupling constant rj but decreases with the asymmetric factor a. 
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fn /in nn vo nn afi nn 1 1 o nn i on nnl 
|U, 4U.UU, (Z.UU, yo.UU, iiZ.UU, izU.UUj 


0.02 


5 
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124.9 


{0, 40.00, 71.99, 95.94, 111.74} 


0.10 


4 


104.0 


142.5 


{0, 39.95, 71.67, 94.57} 


0.25 


3 


84.5 


187.4 


{0, 39.70, 69.95} 


0.50 


2 


62.3 


328.1 


{0, 38.79} 


1.25 


1 


30.8 


363203.8 


{0} 



Table 1: Mass spectrum of bound states for asymmetric potentials V^{z). The parameters are set 
to 5 = 1/2, /? 1, 77 = 11. Nl presents the number of bound states for left chiral fermions. 
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Nr 


F^^(+oo) 




Mass spectrum 


^ijn bound states 


0.00 


5 


121.0 


121.0 


{40.00, 72.00, 


96.00, 112.00, 120.00} 


0.02 


4 


117.3 


124.9 


{40.00, 71.99, 


95.94, 111.74} 


0.10 


3 


104.0 


142.5 


{39.95, 71.67, 


94.57} 


0.25 


2 


84.5 


187.4 


{39.70, 69.95} 




0.50 


1 


62.3 


328.1 


{38.79} 




1.25 





30.8 


363203.8 


{ } 





Table 2: Mass spectrum of bound states for asymmetric potentials V^{z). The parameters are set 
io 5 = 1/2, (3 — \, Tj ^11. N]^ presents the number of bound states for right chiral fermions. 



To close this section, we make some comments on the issue of the localization of 
fermions. Localizing the fermions on branes or defects requires us to introduce other inter- 
actions besides gravity. More recently, Volkas et al had extensively analyzed localization 
mechanisms on a domain wall. In particular, in Ref. [^], they proposed a well-defined 
model to localize the SM, or something close to it, on a domain wall brane. There are some 
other backgrounds, for example, gauge field 10, supergravity E3] and vortex back- 



ground [46, 47, could be considered. The topological vortex coupled to fermions 

may result in chiral fermion zero modes [^]. 



4. Conclusion and discussion 



In this paper, by presenting the shapes of the mass-independent potentials of KK modes in 
the corresponding Schrodinger equations, we have investigated the localization and mass 
spectra of various matter fields with spin 0, 1 and 1/2 on symmetric and asymmetric dS 
thick branes, where the asymmetric dS thick brane is constructed from the symmetric one 
by using a same scalar (kink) with different potentials. 

For spin scalars and spin 1 vectors, the potentials of KK modes in the corresponding 
Schrodinger equations are the modified Poschl- Teller potentials. They have a finite negative 
well at the location of the brane and a finite positive barrier at each side which doesn't 
vanishes. Such potentials suggest that there exist a mass gap and a series of continuous 
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Figure 13: The potentials V^if^{z) (black thick lines), the mass spectrum ^ (thick gray lines) 
and some cigcnfunctions (black thin lines) for asymmetric dS brane with /3 = 1, i5 = 1/2, 77 = 11 
and different a. 



spectrum starting at positive fi'^. It can be shown that the existence of such a mass gap is 
universal for all such dS brancs. 

For the symmetric dS brane, the spectrum of scalar KK modes consists of a zero mode 
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and a set of continuous modes, i.e., there is only one bound mode (the zero mode). The 
massless mode is separated by a mass gap from the continuous modes. For the asymmetric 
dS brane with a small asymmetric factor, the spectrum is same as the symmetric case. 
However, for a large enough asymmetric factor, the spectrum of scalar KK modes contains 
a bound massive KK mode besides a zero mode and a set of continuous modes, namely, 
there are two bound modes. For spin 1 vectors, the spectra of KK modes on both dS 
branes are made up of a bound zero mode and a set of continuous ones. The asymmetric 
factor does not change the number of the vector bound modes. 

It is shown that, without scalar-fermion coupling, there is no bound state for both 
the left and right chiral fermions. Hence, in order to localize the massless and massive 
left or right chiral fermions on the branes, some kind of kink-fermion coupling should be 
introduced. As examples, two types of kink-fermion couplings are investigated in detail. 
These situations can be compared with the case of the domain wall in the RS framework 
|2C], where for localization of spin 1/2 field additional localization method by Jackiw and 
Rebbi was introduced. 

For the usual Yukawa coupling r]^(j)^, the potential for only one of the left and right 
chiral fermions has a finite well at the location of the brane and a finite barrier at each side 
which vanishes asymptotically. It is shown that there is only one single bound state (zero 
mode) which is just the lowest energy eigenfunction of the Schrodinger equation for the 
corresponding chiral fermions. Since the potentials for both left and right chiral fermions 
vanish asymptotically when far away from the brane, all values of ^u^ > are allowed, and 
there exists no mass gap but a continuous gapless spectrum of KK states with fj? > 0. The 
massive KK modes asymptotically turn into continuous plane waves when far away from 
the brane |^], which represent delocalized massive KK fermions. 

For the scalar-fermion coupling sin(^) cos~'^(^)^' with positive t], the potential 
for the left chiral fermions has a finite well at the location of the brane, and a finite positive 
barrier at each side, which does not vanishes when far away from the brane. The potential 
is the modified Poschl- Teller potential and suggest that there exist some discrete KK modes 
and a series of continuous ones. The discrete modes are bound states while the continuous 
ones are not. The total number of bound states is determined by four parameters: 6, (5, 
a and r/. The number of bound states of right chiral fermions is one less than that of left 
ones. The number of the bound states increases with the coupling constant ry. For the case 
of the symmetric dS brane, if < r/ < [3/5, there is only one left chiral fermion bound 
state which is just the left chiral fermion zero mode; if > there are Ni{Ni > 2) 
left chiral fermion bound states (including zero mode and massive KK modes) and Nl — 1 
right chiral fermion bound states (including only massive KK modes). For the asymmetric 
dS brane scenario, the asymmetric factor a reduces the number of the bound fermion KK 
modes. For large enough a, there would not be any right chiral fermion bound mode, but 
at least one left chiral fermion bound mode, i.e., the zero mode. 

For fermions, localization property is decided by the coupling of fermion and scalar. 
For the first type of Yukawa coupling, i<'((;/)(z))~ arctan(sinhz) is a usual kink which is 
almost a constant at large z. For the second type of coupling, F{(p{z)) is another kink likes 
sinhz, which increases quickly with z. In short, at large z, the first coupling is invariant. 
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but the second one becomes stronger. Hence, the two different types of Yukawa coupUngs 
give different localization properties for fermions. 

Finally, we give some brief discussion about graviton and gravitino localization on the 
studied branes. The Schrodinger potentials of graviton and gravitino KK modes are the 
same as that of scalar and fermion, respectively. Thus, for the symmetric dS brane and the 
asymmetric dS brane with small asymmetric factor, the spectrum of graviton KK modes 
consists of a discrete zero mode and a set of continuous modes. While for a large enough 
asymmetric factor, the spectrum of graviton KK modes contains a bound massive KK 
mode besides a zero mode and a set of continuous modes. The spectrum of gravitino is 
similar to that of fermion. 
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